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NUMERICAL PROCEDURES FOR STABILITY STUDIES 

Robert S. Ryan 

George C. Marshall Space F l i g h t  Center 

Hun t sv i l l e ,  Alabama 

ABS TRACT *3a443 
This r e p o r t  p r e s e n t s  t h e  numerical procedures used by t h e  Aero- 

Astrodynamics Laboratory i n  performing s t a b i l i t y  a n a l y s i s  f o r  l a r g e  
s p a c e - v e h i c l e s  w i th  a more complex c o n t r o l  system, and wherein a l a r g e  
number of modes of o s c i l l a t i o n  must be considered. The modes of o s c i l -  
l a t i o n  included i n  t h e  system a r e  (1) bending, (2) t r a n s l a t i o n ,  (3) 
p i t c h i n g ,  (4) s l o s h i n g ,  and (5)  swivel engine.  Equations d e s c r i b i n g  
t h e  c h a r a c t e r i s t i c s  of t he  control  s e n s o r s  are  included f o r  r a t e  gyros,  
accelerometers ,  and ang le  of a t t a c k  meter. Two numerical methods f o r  
s o l v i n g  t h e  system f o r  i t s  eigenvalues a r e  presented:  the c h a r q c t e r i s t i c  
equa t ion  and the  m a t r i x  i t e r a t i o n  approach. F i n a l l y ,  a p l an  f o r  using 
t h e  procedures i n  e v a l u a t i n g  a v e h i c l e  f o r  s t a b i l i t y ,  f i l t e r  design,  and 
p r o p e l l a n t  damping is  a l s o  developed. 
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TECHNICAL IEMORANDUM X-53109 

NUMERICAL PROCEDURES FOR STABILITY STUDIES 

SUMMARY 

This r e p o r t  p r e s e n t s  t he  numerical procedures used by the  Aero- 
A s  trodynamics Laboratory i n  performing s t a b i l i t y  a n a l y s i s  f o r  l a r g e  
space  v e h i c l e s  w i th  a more complex c o n t r o l  system, and wherein a l a r g e  
number of modes of o s c i l l a t i o n  must be considered. The modes of o s c i l -  
l a t i o n  included i n  t h e  system a r e  (1) bending, (2) t r a n s l a t i o n ,  (3) 
p i t c h i n g ,  ( 4 )  s l o s h i n g ,  and ( 5 )  swivel engine.  Equations d e s c r i b i n g  
t h e  c h a r a c t e r i s t i c s  of t he  con t ro l  s e n s o r s  a re  included f o r  r a t e  gyros,  
accelerometers ,  and ang le  of a t t a c k  meter. Two numerical methods f o r  
s o l v i n g  t h e  system f o r  i t s  eigenvalues are presented:  t he  c h a r a c t e r i s t i c  
equa t ion  and the  m a t r i x  i t e r a t i o n  approach. 
t h e  procedures i n  e v a l u a t i n g  a v e h i c l e  f o r  s t a b i l i t y ,  f i l t e r  design,  and 
p r o p e l l a n t  damping is a l s o  developed. 

F i n a l l y ,  a p l an  f o r  using 

SECTION I. INTRODUCTION 

The s t a b i l i t y  a n a l y s i s  o f  an e l a s t i c  space v e h i c l e  r e q u i r e s  t he  
s o l u t i o n  f o r  t h e  eigenvalues  of a se t  of l i n e a r ,  homogeneous d i f f e r e n t i a l  
equat ions.  This s e t  of d i f f e r e n t i a l  equa t ions  d e s c r i b e s  t h e  dynamics of 
t h e  space v e h i c l e  and the  c h a r a c t e r i s t i c s  of t he  c o n t r o l  system. Due to  
t h e  coupling of t h e  s t r u c t u r e  and c o n t r o l  loop, a c o n t r o l  feedback prob- 
l e m  is apparent  w i t h  the s t r u c t u r e  providing the  feedback loop. The 
f i n a l  system, then,  can be c a l l e d  an  electromechanical  feedback problem, 
where convent ional  c o n t r o l  design methods are a p p l i c a b l e .  For small 
numbers of degree systems of equations and s i m p l e  c o n t r o l  systems, t h e  
s o l u t i o n  can be accomplished r a t h e r  e a s i l y .  For a more complex c o n t r o l  
system and a l a r g e  number of modes of o s c i l l a t i o n ,  t h i s  problem is d i f -  
f i c u l t  because of t h e  high order  of t h e  r e s u l t i n g  c h a r a c t e r i s t i c  equa t ion  
and t h e  l a r g e  range i n  magnitude of t h e  c o e f f i c i e n t s  which y i e l d s  numer- 
ical  e r r o r s  and poor r e s u l t s .  This paper p r e s e n t s  t he  procedure and the  
equat ions used by Aero-As trodynamics Laboratory i n  t h e  s o l u t i o n  of t h i s  
problem. The equat ions of motion a re  n o t  de r ived  [l], b u t  are  p resen ted  
i n  a form needed f o r  s o l u t i o n .  

. 
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Included i n  the  system a r e  t h e  fol lowing modes of o s c i l l a t i o n :  

bending (p modes) Q p )  

t r a n s  l a  t ion  (Y) 

p i t ch ing  

s loshing (q modes) (Ef) 

swivel engine (BE) 

Addit ional  equat ions d e s c r i b i n g  the  c h a r a c t e r i s t i c s  of t h e  c o n t r o l  
sensors  a r e  included f o r  

r a t e  gyros ( r  i n  number) (4@ 
accelerometers  (p i n  number) (Ai) 

angle-of-at tack meter ( a i )  

The con t ro l  command equa t ion ,  i nc lud ing  t r a n s f e r  f u n c t i o n s  f o r  
a l l  f i l t e r s ,  i s  presented as t h e  f i n a l  equa t ion .  This  equat ion 
includes the a c t u a t o r  system c h a r a c t e r i s t i c s .  

Two numerical methods f o r  so lv ing  the  system f o r  i t s  eigenvalues  
a r e  presented: t he  c h a r a c t e r i s t i c  equat ion and t h e  ma t r ix  i t e r a t i o n  
approach. In  a l l  ca ses ,  t h e  system i s  solved f o r  t h e  normalized eigen-  
v e c t o r s  providing a d d i t i o n a l  information about t h e  system. 

F i n a l l y ,  a development p l a n  f o r  using t h e  procedures i n  e v a l u a t i n g  
a v e h i c l e  f o r  s t a b i l i t y ,  f i l t e r  des ign ,  and p r o p e l l a n t  damping i s  
presented.  

SECTION 11. GENERAL APPROACH 

A. Basic Equations 

The equat ions of motion [ l ] ,  t he  c o n t r o l  equa t ion  and the  equa t ions  
d e s c r i b i n g  the response c h a r a c t e r i s t i c s  of t h e  sens ing  elements are homo- 
geneous, l i n e a r  d i f f e r e n t i a l  equat ions.  These equa t ions  are transformed i n t o  
a s e t  of homogeneous, l i n e a r  simultaneous equa t ions  by assuming s o l u t i o n s  of 
time dependency i n  t h e  form e s t  by which a l l  d i f f e r e n t i a l  q u o t i e n t s  w i t h  
r e s p e c t  t o  time a r e  replaced by t h e  complex ope ra to r  

. 
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Denoting the  coordinates  (or  unknowns) as X j  ( j  = 1, 2 ,  . . . n)  
and the  c o e f f i c i e n t s  of X j  a s  d i j ( s )  ( i ,  j = 1, 2 ,  . . . n )  the  s e t  of 
equat ions r eads  

So t h a t  a c o n s i s t e n t  flow of d a t a  from o t h e r  programs needed i n  
equa t ion  2 i s  k e p t ,  t he  following o r d e r  and d e f i n i t i o n s  of t h e  X j  
and equat ions should be used throughout: 

Number ( i  = ) 

1 - 1 6  

7 

8 

9 -1 18 

19 -1 20 

21 --f 22 

23 

24 

25 

D e f i n i t i o n  

Bending modes 

T r a n s l a t i o n  

Rot a t  ion  

S 10s hing 

Rate gyros 

Accelerometers 

Angle-of-attack meter 

Sw iv e 1 Eng ine  

Cont ro  1 

Symbo 1 

v i  
Y 

By using ma t r ix  no ta t ion ,  equa t ion  (2)  can be more convenient ly  
expressed i n  t h e  form 

\ 
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where a l l  of the elements of the ma t r ix  D ( s )  except  the n t h  row has t h e  
form 

+ cij  ( 4 )  d * * ( s )  = s 2 A i j  + s B i j  
1.l 

( i  = 1 + n  - 1 )  ( j  = 1 + n )  

and t h e  elements f o r  t he  n t h  row, which d e s c r i b e s  t h e  c o n t r o l  equa t ion  
and t h e  f i l t e r  c h a r a c t e r i s t i c s ,  as 

The t r a n s f e r  func t ions  T j ( s )  are  of t he  form 

n=10 

U 

n= 0 
T j ( s )  = m = 1 0  

m= 0 

With t h e  general  equat ions i n  t h i s  form, two b a s i c  approaches a r e  
a v a i l a b l e  f o r  determining t h e  eigenvalues:  (1) m a t r i x  i t e r a t i o n  and 
( 2 )  expanding the determinant i n t o  a c h a r a c t e r i s t i c  equa t ion  and s o l v i n g  
f o r  i t s  r o o t s .  Once t h e  r o o t s  (e igenvalues)  have been determined, it i s  
important t o  solve f o r  t h e  e igenvec to r s  f o r  a d d i t i o n a l  information.  This 
i s  done by assuming a va lue  f o r  t h e  engine d e f l e c t i o n  command angle  
(Xn o r  BC) and so lv ing  f o r  t he  r e s u l t i n g  e igenvec to r s .  Usually the  
e igenvec to r s  are normalized t o  Xn o r  Bc equa l  t o  1. 

B. M a t r i x  I t e r a t i o n  f o r  Obtaining Eigenvalues 

Equation ( 3 )  w a s  w r i t t e n  as 

D(s) ( X j )  = O 

and s t a t e s  t h e  transformed equat ions of t he  system i n  m a t r i x  form. The 
problem i s  t o  f ind n o n t r i v a l  v a l u e s  of s and ( X j )  f o r  which equa t ion  ( 3 )  
i s  f u l f i l l e d .  Since t h e  c o e f f i c i e n t s  of D ( s )  a r e ,  i n  g e n e r a l ,  poly- 
nomials of a higher degree i n  s ,  t he  eigenvalue problem i s  non l inea r .  
S t a r t i n g  w i t h  an approximate va lue  of s and ( X - )  i t  i s  p o s s i b l e  t o  f i n d .  
a s e t  of l i n e a r  nonhomogeneous equat ions f o r  t i e  c o r r e c t i o n  terms which 
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have t o  be added t o  the approximate v a l u e s  of s and (X.).  By developing 
equa t ion  ( 3 )  i n  a Taylor s e r i e s  a t  t h e  po in t  sn and n e g l e c t i n g  t e r m s  of 
higher  o r d e r  the i t e r a t i o n  procedure [ I ]  i s  

J 

where 

d D ( s )  
d s  D' (sn)  = 

To o b t a i n  ,w each element of D ( s )  i s  d i f f e r e n t i a t e d  w i t h  r e s p e c t  t o  
s. The numerical procedure for equa t ion  (8 )  is: 

S t e p  I: 

I n s e r t  f i r s t  approximation o f  sn = sn ('1 - obtained from 
approximate r o o t  programs, sponsor load i n  cho ice ,  o r  t h e  n a t u r a l  
f r equen ies  o f  t he  modes (Sect ion IV) - i n t o  equa t ion  (3 )  and so lve  
f o r  t h e  approximate eigenvectors  (Xj)  by s e t t i n g  Xn(O) equa l  t o  one. 
(Supe r sc r ip t  0 means t h a t  the e igenvec to r s  correspond t o  t h e  approxi-  
mate r o o t  ~ ( 0 1 . 1  

Step 11: 

Determine the r i g h t  hand s i d e  of equa t ion  (8) ( - y . ]  by us ing  J t he  e igenvec to r s  obtained i n  Step I., 

S t e p  111: 

Solve equat ion (8) for  As. The nXj are  no t  needed, but  could 
be solved for .  

Step IV: 

Step V: 

Check s v e r s u s  a constant  (0.001 + iO.001) 

a. I f  e i t h e r  the r e a l  o r  i m a  i n a r y  p a r t  i s  l a r g e r  t han  0.001, 
begin Step I again w i t h  sT1) as  s(O) and r e p e a t  t h e  above 
s t e p s .  
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b. I f  both r e a l  and imaginary p a r t s  are smaller  t han  0.001, 
t h e  program has converged t o  an eigenvalue.  Using t h i s  
eigenvalue , compute the  r a t i o s  of t h e  e igenvec to r s  f o r  
the engine d e f l e c t i o n  & a s  desc r ibed  previously.  

Step V I :  Pr int-out  r e s u l t s ;  s e e  Sec t ion  111. 

The i t e r a t i o n  procedure i s  given i n  t h e  block diagram shown 
on t h e  following page. 

Experience has shown t h a t  normalizing t h e  e igenvec to r s  i n  
Step I by assuming xn equal  t o  1 does not  a lways  g ive  the  b e s t  con- 
vergence. The convergence problem can be r e l i e v e d  by s e l e c t i n g  the  
X. f o r  normalizat ion t o  correspond w i t h  t h e  eigenvalue which you wish J t o  f ind .  This means t h a t  p rov i s ions  must be made i n  t h e  program f o r  
interchanging rows and columns of equa t ion  ( 4 )  befo re  s t a r t i n g  t h e  
i t e r a t i o n  procedure wi th  Step I. 

C. C h a r a c t e r i s t i c  Equation Approach 

The other  approach f o r  so lv ing  equa t ion  ( 4 )  f o r  t h e  e igenva lues  
i s  expanding the determinant  of t h e  c o e f f i c i e n t s  ( D ( s ) )  i n t o  a poly- 
nomial and solving the  polynomial f o r  i t s  r o o t s .  Expanding t h i s  
a n a l y t i c a l l y  i s  much too involved f o r  a l a r g e  system, i f  it i s  p o s s i b l e  
a t  a l l .  The s o l u t i o n  is  done by computing machines, which expand t h e  
determinant  in to  a polynomial i n  s. Since t h e  c o e f f i c i e n t s  are  known 
and c e r t a i n  procedures e x i s t  f o r  expanding determinants  i n t o  poly- 
nomials t h e  problem can be solved. However, two r e s t r i c t i o n s  a r e  
imposed: The determinant must not be l a r g e r  t han  approximately 10 x 10 
and t h e  elements m u s t  be s i n g l e  polynomials i n  s ,  not  r a t i o s  of poly- 
nomials. Since, i n  g e n e r a l ,  equa t ion  ( 4 )  does not  meet t hese  two 
requirements ,  it m u s t  be a l t e r e d .  F i r s t ,  t h e  important modes must be 
determined, thereby meeting t h e  f i r s t  cond i t ion .  To meet t h e  second 
c o n d i t i o n ,  the determinant  must be expanded i n  minors about t he  l a s t  
row s i n c e  t h e  l a s t  row con ta ins  r a t i o  of polynomials. The r e s u l t i n g  
t e n  determinants m u s t  b e  expanded i n t o  polynomials and summed g i v i n g  
t h e  f i n a l  c h a r a c t e r i s t i c  equat ion.  

Rewriting equa t ion  ( 4 )  t o  accomplish t h i s  g ives  

n 

-_I J 
j =1 

D(s) = 7 ( - 1 )  ( n - j )  f . < s >  ~ j ( s >  = 0, (9 1 

where $(s )  i s  t h e  minors of t h e  determinant  D ( s ) ,  taken on t h e  l a s t  row. 
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Since ?.(s)  i s  a r a t i o  o f  polynomials ( t o  be de f ined  l a t e r ) ,  i t  can be  
w r i t  t e n  J 

Now to g e t  t he  c h a r a c t e r i s t i c  equa t ion  i n t o  a form needed f o r  
s o l u t i o n ,  equat ion ( 9 )  i s  r a t i o n a l i z e d  and t h e  numerator s e t  equa l  t o  
zero.  The roo t s  of the numerator then become t h e  eigenvalues .  D ( s )  
w r i t t e n  i n  t h i s  form i s  

Once t h e  eigenvalues  have been determined from equat ion ( l l ) ,  
equa t ion  ( 4 )  m u s t  be solved for  the normalized e igenvec to r s  w i t h  an 
o p t i o n  t o  by-pass a s  descr ibed previously i n  d i s c u s s i n g  the  m a t r i x  
i t e r a t i o n  method. 

Two methods f o r  s o l v i n g  the eigenvalue problem have been .p re -  
sented:  t h e  matrix i t e r a t i o n  method and t h e  c h a r a c t e r i s t i c  equat ion.  

The matrix i t e r a t i o n  method has the advantages t h a t  on ly  
r o o t s  of i n t e r e s t  need be ob ta ined ,  and the  s i z e  of t he  system i s  not  
c r i t i c a l l y  l imited.  The disadvantages of t h i s  method a r e  t h a t  more 
machine time i s  r e q u i r e d ,  and ga in  r o o t  locus s t u d i e s  a r e  not  w e l l  
adapted t o  t h i s  method s i n c e  convergence is  poor f o r  high ga ins .  

The c h a r a c t e r i s t i c  equa t ion  approach i s  advantageous because 
a l l  r o o t s  can be found, l e s s  machine time i s  r e q u i r e d ,  and g a i n  r o o t  
locus s t u d i e s  o f f e r  no adverse convergence problem. However, t h i s  
approach can be solved only f o r  s m a l l  systems. Systems g iv ing  poly- 
nomials higher than 30th o rde r  c r e a t e  problems. 

D. Frequency Response 

I n  con t ro l  sys t em,des ign ,  i t  i s  v a l u a b l e  t o  know t h e  s t r u c t u r a l  
t r a n s f e r  funct ion between the swivel t h r u s t  and some sensor  l o c a t i o n ,  o r ,  
i n  gene ra l  terms, t h e  frequency response of t h e  system t o  a s i n u s o i d a l  
fo rc ing  funct ion a t  t he  c o n t r o l  t h r u s t  v e c t o r  po in t .  

This i s  e a s i l y  accomplished from equa t ion  ( 3 ) ,  by l e t t i n g  0 of 
the  assumed so lu t ion  s be equal  t o  ze ro ,  and then assuming v a r i o u s  va lues  
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f o r  W w i t h i n  the  frequency region of i n t e r e s t .  For each o f  t h e s e  v a l u e s  
o f  W ,  equat ion ( 3 )  is  then solved f o r  t h e  unknowns X j  by assuming Xn 
(corresponding t o  BC) equa l  to  1. The t h r u s t  fo rce  i n  t h i s  ca se  can 
have u n i t  value.  Se t  R equa l  to  1 - see  d e f i n i t i o n  o f  elements - and 
qKlj equal  t o  zero.  
t o  the damping i n  t h e  system, and must be thus  handled. 

The unknowns a r e  i n  t h i s  ca se  complex numbers due 

Using these  frequency-dependent unknowns, a s t r u c t u r a l  t r a n s f e r  
func t ion  can be obtained between a fo rce  app l i ed  a t  the swivel p o i n t  
and any sensor  l o c a t i o n .  The equat ions f o r  computing t h e s e  v a r i o u s  
t r a n s f e r  func t ions  a r e  

1. Between t h r u s t  and gyro l o c a t i o n  (See Ref. 1 f o r  b a s i c  
equat ions.  ) 

j=l 

X i n d i c a t e s  v e h i c l e  coordinate f o r  sensor l o c a t i o n  s i n c e  t h e  unknowns 
a r e  complex. A b e t t e r  form for p r e s e n t i n g  the  f i n a l  r e s u l t s  o f  
equa t ion  12 is 

g 

where I I i n d i c a t e s  a b s o l u t e  value and < > i n d i c a t e s  phase of equa t ion  
(12) 

2. Between t h e  t h r u s t  v e c t o r  and an i d e a l  r a t e  gyro: 

U 

3.  Between t h e  t h r u s t  v e c t o r  and an i d e  1 acceleromete 
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For convenience, equat ions (14) through (15) can be  put i n  the  
same form as equation (13) .  

Other frequency responses  can be ob ta ined  from e q u a t i o n  ( 3 )  
by so lv ing  f o r  the r a t i o s  of c e r t a i n  unknowns. For example, cp/B, a l p ,  
e t c . ,  are obtained a l r eady  from the  above frequency response,  i f  t he  
a c t u a l  t h r u s t  i s  used i n s t e a d  of  a u n i t  t h r u s t .  

SECTION 11. BASIC PROCEDURES FOR ANALYZING 

The bas ic  ques t ion  i s  how t o  use the  procedures p re sen ted  f o r  
conducting a s t a b i l i t y  a n a l y s i s .  This a n a l y s i s  c o n s i s t s  o f  e i t h e r  a 
convent ional  gain r o o t  l ocus ,  o r  a phase r o o t  l ocus  f o r  a cons t an t  ga in .  

I n  conventional g raph ica l  techniques , t h e  phase r o o t  l ocus  is  
much more d i f f i c u l t  t o  c o n s t r u c t  t han  the  g a i n  r o o t  locus ;  however, f o r  
t h e  numerical procedures presented i n  t h i s  r e p o r t ,  t h e s e  problems are 
e l imina ted .  This i s  f o r t u n a t e  s i n c e  a combination of  phase and g a i n  
r o o t  l o c i  provides considerably more information than  a v a i l a b l e  i n  a 
r o o t  l ocus  diagram (Reference 2 ,  Truxal) .  

To accomplish t h e  phase r o o t  l ocus ,  e q u a t i o n  (5) i s  w r i t t e n  
o u t  as 

n-1 
r - l  

Since t h i s  i s  the  c o n t r o l  equat ion w r i t t e n  i n  g e n e r a l  form w i t h  
a l l  t he  t r a n s f e r  f u n c t i o n s  of t h e  va r ious  loops ,  a phase locus  can now be 
computed f o r  the t o t a l  system, o r  f o r  each c o n t r o l  loop s e p a r a t e l y ,  by 
w r i t i n g  the  K j ' s  i n  t h e  form 

- i s j  K j  = K j  e . 

Equation (16) then becomes 

1 
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- 
S tr uc t u r  a1 
Re s ponse 

- 
* 

Now f j  con ta ins  t h e  open loop ga ins  of each loop as parameter 
and i s  kept  cons t an t  as the phase S j  i s  v a r i e d  and the  r o o t s  of equa t ion  
(3)  computed f o r  each va lue  o f  S j .  

It is  c l e a r  t h a t  a t o t a l  phase r o o t  locus of the system is  
accomplished by varying 6, and the e f f e c t  of va ry ing  t h e  phase of a n  
i n d i v i d u a l  loop i s  accomplished by va ry ing  t h e  a p p r o p r i a t e  8 j .  

The following block diagram d e p i c t s  t he  system and procedure.  

The m a t r i x  i t e r a t i o n  procedure works much b e t t e r  f o r  t h e  phase 
r o o t  l ocus ,  s i n c e  the  complex elements introduced i n t o  t h e  c o n t r o l  
equa t ion  does not  cause any convergent problems. This  i s  not  always 
t r u e  i n  t h e  r o o t  so lv ing  procedures f o r  polynomials. 

SECTION 111. EQUATIONS OF ELEMENTS 

The c o e f f i c i e n t s  of S2(Aij) are 

Bending modes: (i = 1 --f 6 )  

r 1 
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j = 7  

i = 8  

j = 9 + 1 8  

Ai j = - Yi(Xf )  M f j  

j = 19 3 23 

= o  
A i j  

j = 25 

Ai25 = 0 

j = 7  

- 2  - Jo - M - ME A77 v2 

j = 8  

- - J1 
A78 v2 



j = 9 + 1 8  

f j 
A = - M  

7 j  

j = 19 - 23 

A = O  
7 j  

j = 24 

- A - 
7,, 24 

j = 25 

Rotat ion (i = 8): 

j = 1 - 1 6  

sE 

0 
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j = 24 

= - eE - E, sE 24 

j = 25 

= o  Aa , 2 5  

S l o s h i n g  ( i  = 9 +18): 

j = 1 - 1 6  

A i j  = Yj(Xfi) 

j = 7  

Ai7 = 1 

j = 8  - 
Ai8 - - - X f i  

j = 9 - + 1 8  

Ail  = 0 

i #  j 

Ail = 1 

j = 19 3 25 

A i j  = 0 
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Rate Gyro (i = 19, 20): 

j = I 4 1 8  

= o  Ai j 

j = 19, 20 

Aij = 0 

i S  j 

j = 2 1 4 2 5  

Aij = 0 

Accelerometers (i = 21, 22): 

j = 1 4 . 6  

A = - YAj(XAi) 
ij 

j = 7  

Ai7 = - 1 

j = 9 + 2 0  

= 0. 
Ai j 



1 6  

j = 21, 22 

= o  Ai j 
i #  j 

= l / W A i  2 
Ai j 

i =  j 

j = 23 -+ 25 

A i j  = 0 

Angle-of-Attack meter (i = 23): 

j = 1 4 6  

A = 1/u; Y! <xv) 
23, j J 

j = 7  

= o  A23, 7 

j = 8  

= - 1 / w 2  A23 , 8 V 

j = 9 + 2 2  

= o  A23, j 

j = 23 

= l / w v  2 
A23 , 23 

j = 24, 25 
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Swivel Engine ( i  = 24) 

j = 1 4 6  

j = 7  

1 'E = -  - 
A24,7 wE2 eE 

j = 8  

j = 9 + 2 3  

j = 24 

= - 1/w; A24 , 24 

j = 25 

= o  A24 25 

The c o e f f i c i e n t s  of  S ( B .  .) are 
1J 

Bending Modes (i = 1 3  6 ) :  

j - 1 - t  6 
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j = 7  

Bi7 = - 2 Di 

j = 8  

j = 9 + 2 3  

B i j  = 0 

j = 24 

- ( f >  
Bi24 - Bi24 

j = 25 

Bi25 = 0 

Translation (i = 7): 

j = 1 + 6  

( f> 
7 j  

B = - ( D .  4- H j )  - B 
7 j  V J  

j = 7  

- 9 
B77 - - v Fo 

j = 8  

j 1 9 4 2 3  

B = O  
7 j  
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j = 24 

= 26 B 7 ,  24 

j = 25 

= o  
B7,  25 

Rotation ( i  = 8 ) :  

j = 1 - 1 6  

j = 7  

B87 = 2 F1 
V 

j = 8  

j = 9 4 - 2 3  

B = O  
8 j  

j = 24 

= o  B8, 25 

S loshing (i = 9 18): 

j = 1 - 1 8  

= o  Bi j 
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j = 9 - t 1 8  

= o  
B i j  

i f  j 
- B i j  - 2Wfi C f i  

i =  j 

j = 19 3 25 

= o  
B i j  

R a t e  Gyro (i = 19,  20): 

j = 7  

Bi7 = 0 

j = g - t 1 8  

= o  
B i j  

j = 19,  20 



j = 21 --f 25 

= o  Bij 

Accelerometers (i = 21, 22): 

j = 1 4 2 0  

= o  Bij 

j = 21, 22 

= o  

i # j  

Bi j 

Bij = 2CAi/wAi 

i = j  

j = 23 -+ 25 

= o  Bij 

Angle-of-Attack meter (i = 23): 

j = 1-16 

j = 7  

1 
B23,7 v 

= -  

x - 2% v - - - - -  
w V B23,8 V 



22 

j = 9 + 2 2  

= o  B23 j 

j = 23 

= 2/w (k + B23, 23 V 

j = 24, 25 

B23j = 0 

Swivel Engine (i  = 24): 

j = 1 + 2 3  

= o  B24j  

j = 24 
r 
sE = - 2  - 
E B24, 24 w 

j = 25 
r 
sE = 2 K 1 ~  

B24,25 E 

The c o n s t a n t  c o e f f i c i e n t s  o f  d i j  are 

Bending Modes ( i  = 1 3 6):  

j = 1 + 6  

= Q C!a) - C!f’ - SE Yf(XE) Y;($) 
‘i j 1J  1 J  

- uEl MSi when i = j 
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j = 7  

ci7 = 0 

j = 19 4 23 

= o  ‘i j 

j = 25 

CiZ5 = R Yi(%> 

T r a n s l a t i o n  (i = 7):  

j = 1 4 6  

j = 7  

c77 = 0 
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j = 9 4 2 3  

c = o  
7 j  

j = 24 

‘7,24 = Fs 

j = 25 

‘7,25 = R 

Rotat ion (i = 8): 

j = 1 - + 6  

j = 7  

c87 = 0 

j = 9 4 1 8  

C = M  8 j  f j  

j = 1 9  4 23 

c = o  
8 j  
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Rate Gyro (i = 19, 20): 

j = 1 + 1 8  

= o  ‘i j 

j = 19, 20 

= o  ‘ij 

i f j  

= 1  ‘i j 

j = 21 --f 25 

= o  ‘i j 

Accelerometers (i = 21, 22): 

j = 1 + 6  

cij = - Yij(XAi) 

j = 7  

ci7 = 0 

j = 8  

j = 9 + 2 0  

= o  ‘i j 
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j = 24 

- = - FS - SE g ‘8,24 

j = 25 

‘8,25 = - < R  

Sloshing (i = 9 18): 

j = 1 + 6  

cij - - 

j = 7  

‘i7 
- - 

j = 8  

- 
‘i8 - 

0 

j = 9 4 1 8  

= o  ‘i j 

i P j  

j = 19 4 25 

= o  ‘i j 
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j = 21,  22 

= o  

i f  j 

= 1  

‘i j 

‘i j 

i =  j 

j = 23 + 25 

= o  ‘ij 

Angle-of-Attack meter (i = 23):  

j = 7  

= o  
‘23,7 

j = 8  

= - I  
‘23,8 

j = 9 4 2 2  

c23j = 0 

j = 23 
1 i f  vane 

1 I= absolute value ‘23,23 = { e  i b J ~ J  if local 

j = 24,  25 

= o  ‘23 j 
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Swivel Eneine (i = 24): 

j = 7  

= o  '24,7 

j = 8  
SE i - - -  

'24,8 'E "E2 

j = 9 +  23 

c24j = 0 

j = 24 
'E 

= -1 - 
'24,24 %' 

j = 25 

'24,25 = K1 

Control  Equation (i = 25): 

j = 1 - + 6  

i S j  
= Y'.(x ) a T (s) Ac(e)%.e 

d 2 5 j  J g 0 J 

j = 7  

i87 = - A ( s )  k+ 
d25, 7 
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j = 8  

j = 9 + 1 8  

= o  d25 j 

j = 19 + 2 0  

=- a T .(SI ~ ( s )  t . e i s j  
d25j  l j  RJ J 

j = 21, 22 

- -  - T . ( s )  ~ ( s )  t.ei8j 
d25 j g 2 j  AJ J 

j = 23 

=-bo T 2 3 ( ~ )  A(s)  R e i8 j 
d25, 23 j 

j = 24 

= o  d25, 24 

j = 25 
i SA 

= B e  d25,25 A 

k .  w i l l  always be equal to 1 u n l e s s  otherwise s p e c i f i e d ;  SA 
and 6 j  w i l l  always b e  equal t o  zero u n l e s s  otherwise s p e c i f i e d .  
terms are included t o  f a c i l i t a t e  the r o u t i n e  of phase and g a i n  r o o t  
l ocus  s t u d i e s .  

These 



30 

Sloshing Parameters 

hf - 
f 'nf n a 

€ 

u2 = 2 tanh hnf 
f nf a 

These equat ions f o r  t h e  s l o s h i n g  parameters should be pro- 
grammed so t h a t  t he  v a l u e s  can be computed i n  t h e  program. 
p rov i s ion  should be made t o  load these  v a l u e s  i n .  

Also 

The aerodynamic and f u e l  flow equa t ions  a r e  given f o r  r e f e r e n c e  
bu t  w i l l  not be programed i n  the  s t a b i l i t y  a n a l y s i s  program. 
a r e  t h e  pr int-out  d e s i r e d  and a set  of d a t a  s h e e t s  t h a t  are t o  be used 
f o r  p re sen t ing  d a t a .  

Included 
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r 

A =  
j f  

X 1  
+ 

TABLE I1 

FUEL FLOW 

I 

'7 Y . ( X )  Y'!(X) d X  
1 

J A €  
X1 

~ 

E =  
j f  

7 Y;(X) d X  

X 1  

- Y i ( X )  Y!(X)  F i j f  J J 
- 

X 1  

I 
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TABLE 11 (Cont 'd) 

Symbo 1 

B ( f )  - - 2 hf E j f  + 2C Y!(XE) 
7 j  J 

f = l  

B;sf' = 2 f if (x2f - Xlf) + 2G 
f = l  
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TABLE I1 (Cont 'd )  

n 

( f )  = 7: r__l f c i j f  'i j 
f = l  

n 

af  (Jjf  - Ajf)  c cis '  = 

f = l  

n 

1 *f 
( f )  = 

'78 
f = l  
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TABLE I11 

PRINT OUT DESIRED 

Real b a g  inar y Absolute  Phase 

X1 

TA2 1 

TA2 2 

dnnXn 
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TABLE I11 (Cont ' d )  

Real Imaginary Absolute Phase 

CPi(X> 

Root s = a +  i w  
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38 LOAD-IN FORMAT FOR DATA PRESENTATION TO COMPUTATION LAB 

I 
SLOSHING PARAMETERS AND BENDING DATA TIME 
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AERODYNAMIC ANJ) CONTROL COEFFICIENTS 
TIME 

*i i 



FUEL FLOW COEFFICIENTS 

B i i  I TIME 

, 
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